Introduction
Wave propagation problems on networks arise in many fields of technology. Let us give a brief list of possible applications:
• Acoustics: for example the human vocal tract can be considered as a Y-shaped graph;
• Mechanics: wave propagation in Timoshenko beam structures. For example, jointed beams and beams with parameter discontinuities can be regarded as network systems; • Electrodynamics: electric transmission networks.
In this work we show that a variety of wave propagation problems on networks are solvable (forward in time) and energy passive or conservative. These problems are given in terms of partial differential equations that are interconnected through Kirchhoff type algebraic conditions involving the boundary conditions of these PDEs. The contribution of this work is to show that if all of the single PDEs are solvable and energy passive (or conservative) then also the interconnected PDE-system is solvable and energy passive (respectively, conservative). For related results, see, e.g., [2] .
In more technical terms, the subsystems of the network are formulated as distributed parameter boundary control systems (BCS) that are an operator theoretic framework for treating problems concerning PDEs to which control action is inflicted through boundary conditions. In this framework, the interconnections between the subsystems become algebraic conditions in terms of the subsystems' input and output operators, of which we only require that they are of compatible dimensions. We then show that the interconnections can be constructed so that the composed systems are always solvable and energy passive/conservative.
Transmission graphs
The building blocks of a transmission graph are boundary control systems that are given in terms of operator triplets Ξ
), j = 1, ..., m. The dynamics of these subsystems are governed by operator differential equations We assume that all of these operator triplets are internally well-posed boundary nodes which guarantees that equations (1) are solvable forward in time. In addition, we assume that the input and output operators can be split into two (or more generally, k j ) parts, i.e.,
, corresponding to the two ends of a transmission line. The transmission graph is a triple
where Ξ (j) m j=1
are the subsystem colligations and I k N k=1
and J
l M l=1
are the control and closed vertices, respectively. They are sets of ordered pairs (j, i) ∈ {1, 2, ..., m}×{1, 2} and they determine the graph structure through Kirchhoff type coupling conditions: (i) for all control and closed vertices, the continuity equations
hold, i.e., (2) holds for all (j, i), (p, q) ∈ I k , k = 1, ..., N and for all (j, i), (p, q) ∈ J l , l = 1, ..., M ; and (ii) for closed vertices, the balance equations
hold. The coupled system is controlled/observed through the control vertices:
Main theorem.
Assume that the transmission graph Γ is composed of internally well-posed, impedance passive (conservative) strong boundary nodes Ξ
, L
, K
with the property that all of the operators G
are surjective. Then also Γ gives rise to an impedance passive (resp., conservative), internally well-posed strong boundary node with L = diag(L (1) , ..., L (m) ) and G and K given by (4).
The proof (utilising results of [3, 4] ) is based on noting that any transmission graph can be composed by applying three elementary couplings -partial parallel coupling (see Fig. 1 , left), loop coupling (see Fig. 1, right) , and certain closing of vertices -and showing that they conserve the boundary node structure. 
